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Inverse problems: Image reconstruction
In eedler be evaluate the proposed methods in practice, we spply the them to
image recomstruction problems

Cossider approcemating o solution = ol near spstems of equations
Ax® = b,

where A £ B™*" w3 decretized Radon transform, m < p. @° = 0 6 .an
image data, and b is 3 progection data
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Difficulties 1/2
For simplicity, corsides one slice of & specimen, e, 20 recomstruction.

Artifacts
Sinece the range of the angle ¥ of rotation of the specimen is limited due 10
physecal constrainis, reconstructed Enages may suffer artifscts: For instance,

0" < & < WF.

ot wigw Sth v
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Difficulties 2/2
Qbsarvation drror
Since-an abservation ermor § pertrhs b°, we actuslly treat
Ax=b - :E&L u‘ - l'""ll

to ohtan p ~ x*, where b= 5 4+ &
Hence, & tght fisting _q_uul‘ [l — Axily gives an error-contaminated seluticn

Figurs ‘H;t-nn:ru?murm?;u pren by
ART without obsercation ermor

2013.7.22. RN2FE EK 48
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Previous methods 1/5

Algebraic Reconstruction Technique [Herman et al. '73]
m ART <= the SOR method for the normal equations
AATu=>5b, z=ATu

m Given 2™V for k=0.1,....

bi — (ai, z(*9)

glhi+l) — ki) 4 - ;. i=1,....m,
flexill2

pkHLY) — pkm+1)
where w € (0, 2) is the relaxation parameter and «; is the ith row of A.

m If !%Y = 0, then ART gives the minimum-norm (pseudo-inverse)
solution Vb € R(A).

2013.7.22. B2k EK 49

Previous methods 2/5

Simultaneous Iterative Reconstruction Technique (SIRT) [Gilbert '72]
m SIRT <= Richardson method for ATAz = ATb.
® Given %Y for k =0,1,...,

z® = z*=1 4 wAT(b - A1),

where w € (0,2/||ATA|l2) is the relaxation parameter.
m SIRT gives the pseudo-inverse solution vb € R™.

2013.7.22. BN2FiE EK 50
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e P

- RE B, {1E BT, EK 3,
EFEMBOESGFER SRS,
FER245E BREE EF-HR-VATLEFKRES ERHE, pp. 931-933,
20124E9858-78, ShATKE.

* Keiichi Morikuni,
Inner-iteration Preconditioning for Least Squares Problems,

Doctoral thesis, Department of Informatics, School of Multidisciplinary Sciences,
The Graduate University for Advanced Studies, June 10, 2013.
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Cluster Newton Method
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Personalized Pharmacokinetics Model of CPT-11

Parameters > Reasonably
Observable data
Personalized A regular patient
model parameters (few data)
60 Parameters 10 Measurements

~_ -

Underdetermined Inverse problem

2013.7.22. BN2FiE EK 55

. Arikuma et al's Innotecan PBPK modeal

~
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v Arikuma et al's Irinotecan PBPK model
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This underdetermined inverse problem can easily be
soived by the Levenberg-Marquardt method which finds a
solution closs to the initial model parameters

CLad
2
O
.

| Lrmadi ! L}

DG

Lioncesniraton of 5M-38 i B

iEL- =
[+] - [n] TE =1 boae

Time L:I;lnr.n:'-i.n'\-.lr'.l
However, the clinical cbsarvation suggests that tha

maximum concentration should happen 2.5 £1 hour
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By solving this underdetermined inverse problem multiple
imes with differant initial model parameaters, wa abtain
various solutions which fits clinical observation.
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Time Elapsrd (hours)

7~8 hours on a server machine with
two quad-core 3GHz Intel Xeon
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Why is this so time consuming?

e Function evaluation requires numerical solution of
the system of non-linear ODEs.

e Jacobian is approximated by finite differences at
each iteration for each solution.

e (ODEs need to be solved fairly accurately in order
for the LM method to converge to the root.

2013.7.22. wIN2FE EK 61

Example 1 : Level curve tracing of a rough surface

Fird & sef of 100 poinls near ™, 8§

fl=] =#" E u = [l

TR

o - i o= i ]

@) = [ry + 03] " B

. . ==
<+ sl DOCCHLy | sind JOHHH e | 100 4
TR 111
|2 Al A c.:-._._'_'tﬂ
=]z R = =1] '
g "l'-ll..h.i | LR
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Levenberg Marquardt method

For all of the mitial poings, tha algoranm iermnaled with an ero
=Algorithr appaans 10 ba convergireg Lo a poin mal = ol s ool

Iniied set

2013.7.22.

Cluster Newton method

RIN2FE EK

Final set

63

e Stage 1 (Regularized Newton’s method applied to a cluster of points)

Linear approximation with least squares fitting
(least square solution of an overdetermined system of linear equations which acts as regularization)

Moore-Penrose inverse using the linear approximation
(minimum norm solution of an underdetermined system of linear equations)

e Stage 2 (Broyden's method, i.e. multi-dimensional secant method)

Use the linear approximation in Stage 1 as initial Jacobian

(start with reasonable Jacobian approximation)

Use the points found by the Stage 1 as initial points

(start with the initial points already close to the solution)

2013.7.22.

RIN2FE EK

64

32



2013/8/5

= flzx)

¥=N

o [ T L

- ‘H,_(-—--"

- | :
“-\..__hh_ﬂ;_

il
L
'
e .
| ] M - - ]
2013.7.22. J/N2FE_HK 65

Stage 1
15l itaration step

AL ENEN
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stage 1
15l iteration step2
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Stage 1

1st iteration step3
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Stage 1

1st iteration stepd

RN2FE EK 69

Stage 1
2nd iteration step1

EEEE

RN2FE EK 70
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Stage 1
2nd iteration step2-3
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Stage &
1=t weration stepd

100
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Slage 2

t=f imrabon shap 1
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Stage 2
1&F ilaraton shepd
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Slage 2
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Stage 2
#nd Iaration stepd
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Slapge 2

2nd Haration step?

K00
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Cluster Newton Method

e 1 function evaluation / iteration / solution

e No Jacobian approximation based on the local info

2013.7.22. wIN2FE EK 80
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Initial set
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Stage 1
1=t iteration
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Stage 1
2nd iteration

7
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Stage 1
ard iteration
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Stage 1

dth iteration
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Stlage 2
2nd iteration
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Stage 2
3rd iteration
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Stage 2

4th iterabon
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Stage 2
5th iteration
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Example 2 : QDE coefficients identification

Forward Problem

Prarmacokinetics mesal of CRT-11 (Arkaima et al, 20085

il i |
qu = Flm, @) I I -

[
wham 18! T
up e sl b el concertralion of drugimeaboibes ]

sl @) cumtative sacialion quarity of drigfmetab, T =

O [y ]

e - gerof model paramatens (e c B™)

Map from mode| paramealers i abbservaile data: L4 ——=

Hoh =g 1

whana ¥ i a gan al the seady slake ssldan of e ODE - o
mixl = III|l| Miagnll; ) e g =14 ....10
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Inverse Problem

Frid 1000 sals ol paramsisrsy x50

fiwp =9
g
.r- 2 H-'H"' iy Hlll
v - clincally abseryed data
{Siater @l al, 2000

clinically chearend data

i T T

g lE T EH = By
B2 gy Ly Ha k-2
BN 0 = L - iy ol
HL o i i ‘ 1% LR
AL i L 58 L Ba
[FT-1i # i + P I W TaRe?
SH-H s+ Feocm vl i B
AH-30G v Big + Fescm T Had L]
WG m fifg o Feecry v | 2£3 Wl
3 i s i s | dIERd e
Vel aldga =T
" = .

BN2FE_RK

Aatalive rasidyal

@ 5 10 15 2 25

Mumiber ol darations ™~

BN2FE_RK

msian

Levenberg Marquardt method

in

* &t leasi 61 tunciion evaluations § leration f sobaticn

95

96

2013/8/5

48



2013.7.22.

2013.7.22.

Median relative residual

Levenberg Marquardt method
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Cluster Newton method

Helative ressdual
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Murmber of derafions*
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Cluster Newton method
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Cluster Newton method

e | ess number of function evaluations

® | ess sensitive to the error in function evaluations
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Levenperg Marquardt method v.s. Cluster Newton method

we g Pl ereslhisd =iy
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Predicting un-measurable guantity through a mathematical madsi
[concantration of SMN-38 n gastrointestinal tract)
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;onclusion

We have introduced ...

* |dea of sampling multiple sclutions in the solution
manifold of an underdetermined inverse problem

 CN meathod efficiently finds multiple solutions.
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